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We consider Jordan derivations of a unital algebra A having a non-
trivial idempotent. It turns out that on unital algebras there ex-
ist Jordan derivations that are not derivations. For this purpose we
introduce the term a singular Jordan derivation, which is a proper
Jordan derivation of the form that depends on Peirce decomposi-
tion of the unital algebra A. Singular Jordan derivations are usually
antiderivations. The main result of the paper states that under cer-
tain conditions every JordanderivationofA is the sumof aderivation
and a singular Jordan derivation.
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1. Introduction
Throughout this paper let R be a commutative ring with an identity and let A be a unital algebra
over R, which is 2-torsionfree. Let us assume that A has an idempotent e = 0, 1 and let f denote the
idempotent 1 − e. In this case A can be represented in the so called Peirce decomposition form
A = eAe + eAf + fAe + fAf , (1)
where eAe and fAf are subalgebras with unitary elements e and f , respectively, eAf is an (eAe, fAf )-
bimodule and fAe is an (fAf , eAe)-bimodule. Let us assume that the unital algebra A has such a
nontrivial idempotent e that fAe = {0} and that the bimodule eAf is faithful as a left eAe-module
and also as a right fAf -module. In this case A is a triangular algebra. The most common examples of
triangular algebras are upper triangularmatrix algebras Tn(R) andnest algebras T (N ).Manymappings
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on triangular algebras were studied in the last decade (see e.g. [2,7,8,10,18,20,21] and references
therein). In recently published articles [14,19] centralizing and semi-centralizing mappings of the
so called generalized matrix algebras were studied. It is worth to mention that any unital algebra
A with a nontrivial idempotent e is isomorphic to a generalized matrix algebra. According to Peirce
decomposition (1) the authors in [14,19] assumed that eAf is a bimodule, which is faithful as a left
eAe-module and also as a right fAf -module. We will consider a more general condition that A is a
unital algebra with a nontrivial idempotent e, such that the following hold
exe · eAf = {0} = fAe · exe implies exe = 0, (2)
eAf · fxf = {0} = fxf · fAe implies fxf = 0
for all x ∈ A. From (2) it follows that at least one of the bimodules eAf , fAe that form the Peirce
decomposition of A is nonzero. There are many important unital algebras having nontrivial idempo-
tents that satisfy the conditions (2). Besides the already mentioned triangular algebras, it is worth to
mention the matrix algebrasMn(R), algebras of all bounded linear operators of Banach space and the
unital prime algebras that contain nontrivial idempotents.
The main purpose of this article is to study Jordan derivations of unital algebras A containing a
nontrivial idempotent e and satisfying (2). Recall that an R-linear map  : A → A is called a Jordan
derivation if
(xy + yx) = (x)y + x(y) + (y)x + y(x) for all x, y ∈ A. (3)
The natural problem that one considers in such context is whether every Jordan derivation on a given
algebra is necessarily a derivation; that is a linear map d : A → A satisfying d(xy) = d(x)y + xd(y)
for all x, y ∈ A.
In 1957 Herstein [12] proved that every Jordan derivation from a prime ring of characteristic not 2
into itself is a derivation. A brief proof of Herstein’s theorem can be found in [5]. Herstein’s theorem
has been extended to different rings and algebras in various directions (see e.g. [3,4,6,9,16,17,21] and
references therein); one might very roughly summarize these results by saying that proper Jordan
derivations (i.e. those that are not derivations) from rings and algebras into themselves are rather rare
and therefore very special.
The motivation for the studies in this article also comes from results in papers [11,21]. Zhang and
Yu [21] showed that every Jordan derivation of a triangular algebra is a derivation. Is there a similar
theorem that embraces unital algebras containing nontrivial idempotent e and satisfying (2)? The
answer is negative. It turns out that the unital algebras can also contain the proper Jordan derivations.
The examples of such very special Jordan derivations – the author refers to them as singular Jordan
derivations – on subalgebra A of Mn(R) that contains Tn(R), were constructed by Ghosseiri [11].
He proved that every Jordan derivation of such algebra A can be uniformly represented as the sum
of a derivation and a singular Jordan derivation. This result indicates that the description of Jordan
derivation on unital algebra containing a nontrivial idempotent can be highly interesting.
The paper is organized in the following way. The second section provides some more or less well-
known facts concerning Jordan derivations. The reader gets familiar with certain denotations and
proofs of lemmas, which are used in the proof of the main theorem. In the third section we introduce
the term singular Jordan derivation, which is a proper Jordan derivation of the special form depending
on decomposition of the unital algebra (1). It turns out that singular Jordan derivations on these
algebras are not derivations, but are mostly antiderivations, i.e. a linear map δ : A → A satisfying
δ(xy) = δ(y)x + yδ(x) for all x, y ∈ A. We will state some examples of algebras containing singular
Jordan derivations (see Examples 1, 2, 3) and provide the sufficient condition on which the singular
Jordan derivations on such algebras do not exist (see Proposition 3.3). The fourth section offers the
proof of the main theorem (see Theorem 4.1), stating that whenever a unital algebraAwith nontrivial
idempotent e satisfies (2), every Jordan derivation can be written as the sum of a derivation and a
singular Jordan derivation and that this sum is uniformly determined. In case there are no nonzero
singular Jordan derivations onA, every Jordan derivation onA is a derivation. We conclude the article
with applications of the main theorem on some specific unital algebras.
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It should be mentioned that the referee pointed out that Li, van Wyk and Wei independently
obtained a similar result in their preprint [15]. They described the form of Jordan derivations for a
special class of generalized matrix algebras. Our main result Theorem 4.1 is a generalization of their
result [15, Theorem 3.11] (for details see Corollary 4.2).
2. Preliminaries
We will begin with stating some well-known facts concerning a Jordan derivation  : A → A,
whereA is an arbitrary algebra.We shall assumewithout furthermention that any algebra considered
in this paper is 2-torsionfree, i.e. if x is its nonzero element then 2x is nonzero as well. Setting x = y
in (3) we obtain
(x2) = (x)x + x(x) for all x ∈ A. (4)
In case A is a 2-torsionfree algebra, condition (4) is equivalent to definition (3). Using 2xyx = x(xy +
yx) + (xy + yx)x − (x2y + yx2), it follows from (3) and (4) that
(xyx) = (x)yx + x(y)x + xy(x) for all x, y ∈ A. (5)
Putting x + z for x in (5) and considering (5), we also obtain
(xyz + zyx) = (x)yz + x(y)z + xy(z) + (z)yx + z(y)x + zy(x) (6)
for all x, y, z ∈ A.
Further on, let A = eAe + eAf + fAe + fAf be a unital algebra with a nontrivial idempotent e.
Throughout the article we will, mostly in proofs, use the following convention to simplify notations:
a = eae ∈ eAe = A, m = emf ∈ eAf = M, n = fne ∈ fAe = N and b = fbf ∈ fAf = B. Then
A = A + M + N + B and every element x ∈ A can be represented in the form
x = eae + emf + fne + fbf = a + m + n + b,
where a ∈ A,m ∈ M, n ∈ N and b ∈ B. Since e2 = e, f 2 = f and ef = 0 = fe, it is easy to see that
an = ab = ma = mm′ = nn′ = nb = ba = bm = 0
and
aa′,mn ∈ A, am,mb ∈ M, na, bn ∈ N, bb′, nm ∈ B
for all a, a′ ∈ A,m,m′ ∈ M, n, n′ ∈ N and b, b′ ∈ B.
Let us proceed with the first lemma, characterizing Jordan derivations as the sum of an inner
derivation and a specific Jordan derivation. Recall that a derivation d : A → A is called an inner
derivation if it is of the form d(x) = xx0 − x0x for some x0 ∈ A. As usual, we denote the commutator
xy − yx of elements x, y ∈ A by [x, y].
Lemma 2.1. Let  : A → A be a Jordan derivation. Then  = 1 + 2, where 1 : A → A is an
inner derivation and 2 : A → A is a Jordan derivation such that 2(e) = 0.
Proof. As  is a Jordan derivation and e2 = e, it satisfies
(e) = (e)e + e(e).
Left and right multiplication of the above relation by e gives
e(e)e = e(e)e + e(e)e,
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whence it follows that e(e)e = 0. Similarly we obtain f(e)f = 0 and so
(e) = e(e)f + f(e)e.
Let x0 = e(e)f − f(e)e ∈ A and let us define 1 : A → A as an inner derivation 1(x) = [x, x0]
for all x ∈ A. Clearly 2 :=  − 1 is a Jordan derivation and
2(e) = (e) − [e, e(e)f − f(e)e] = (e) − e(e)f − f(e)e = 0.
The proof of the lemma is now complete. 
The above lemma states that having an arbitrary Jordan derivation, we can always subtract it by
an inner derivation so that we obtain a Jordan derivation  : A → A with property (e) = 0. Next
proposition focuses on Jordan derivations satisfying this condition and determines their form.
Proposition 2.2. Let  : A → A be a Jordan derivation such that (e) = 0. Then
(a) = e(a)e, (m) = e(m)f + f(m)e, (7)
(b) = f(b)f , (n) = f(n)e + e(n)f
for all a ∈ A, m ∈ M, n ∈ N and b ∈ B. Also the following relations hold:
(i) (am) = (a)m + a(m) + (m)a;
(ii) (na) = (n)a + n(a) + a(n);
(iii) (mb) = (m)b + m(b) + b(m);
(iv) (bn) = (b)n + b(n) + (n)b;
(v) (mn) = (m)n + m(n);
(vi) (nm) = (n)m + n(m)
for all a ∈ A,m ∈ M, n ∈ N, b ∈ B.
Proof. Wehavea Jordanderivation : A → A such that(e) = 0,where e is anontrivial idempotent
of A and let f = 1 − e. Since e + f = 1, we have (e) + (f ) = (1) = 0 and as (e) = 0, it
now follows that (f ) = 0. First we will prove that  satisfies the conditions (7). Using properties
(e) = 0, (f ) = 0 and considering (5) and (6), we obtain
(a) = (eae) = e(a)e,
(b) = (fbf ) = f(b)f ,
(m) = (emf + fme) = e(m)f + f(m)e,
(n) = (enf + fne) = e(n)f + f(n)e
for all a ∈ A, m ∈ M, n ∈ N and b ∈ B. In next steps we will prove the conditions (i)–(vi). Since
ma = 0, we can write
(am) = (am + ma) = (a)m + a(m) + (m)a + m(a)
= (a)m + a(m) + (m)a + (emf )e(a)e
= (a)m + a(m) + (m)a
for all a ∈ A,m ∈ M, which proves the condition (i). Similarly, since an = 0, we obtain
(na) = (na + an) = (n)a + n(a) + (a)n + a(n)
= (n)a + n(a) + e(a)e(fne) + a(n)
= (n)a + n(a) + a(n)
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for all a ∈ A, n ∈ N, which proves the condition (ii). One can prove analogously that properties (iii)
and (iv) also hold. As  is a Jordan derivation, we can write
(mn + nm) = (m)n + m(n) + (n)m + n(m)
for allm ∈ M, n ∈ N. We know thatmn ∈ A and nm ∈ B and as  is linear, we obtain from the above
relation that
e(mn)e + f(nm)f = e(m)fne + emf(n)e + f(n)emf + fne(m)f . (8)
Right multiplication of the relation (8) by e (respectively f ) gives
(mn) = (m)n + m(n) and (nm) = (n)m + n(m) (9)
for allm ∈ M, n ∈ N. The proof of the proposition is now complete. 
Let us conclude this section with the following lemma.
Lemma 2.3. Let A be a unital algebra with nontrivial idempotent e such that (2) holds true. Assume that
d : A → A is a linear map such that
d(a) = ed(a)e, d(m) = ed(m)f , d(n) = fd(n)e, d(b) = fd(b)f
and
(i) d(am) = d(a)m + ad(m) and d(mb) = d(m)b + md(b),
(ii) d(bn) = d(b)n + bd(n) and d(na) = d(n)a + nd(a),
(iii) d(mn) = d(m)n + md(n) and d(nm) = d(n)m + nd(m)
for all a ∈ A, b ∈ B, m ∈ M and n ∈ N. Then d is a derivation.
Proof. First, we are going to prove that d is derivation on A and B. Wewill take two arbitrary elements
a, a′ ∈ A. Since (i) holds, we obtain
d((aa′)m) = d(aa′)m + aa′d(m) and
d(a(a′m)) = d(a)a′m + ad(a′m)
= d(a)a′m + ad(a′)m + aa′d(m)
for allm ∈ M. Comparison of the above relations gives
(d(aa′) − d(a)a′ − ad(a′))M = 0.
Similarly we obtain
N(d(aa′) − d(a)a′ − ad(a′)) = 0,
whence it follows from (2) that d(aa′) = d(a)a′ + ad(a′) for all a, a′ ∈ A. In other words, d is a
derivation on A. Now let b, b′ ∈ B. Since (i) holds, we can again write
d(m(bb′)) = d(m)bb′ + md(bb′) and
d((mb)b′) = d(mb)b′ + mbd(b′)
= d(m)bb′ + md(b)b′ + mbd(b′)
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for allm ∈ M. After comparing the above relations, we get
M(d(bb′) − d(b)b′ − bd(b′)) = 0
and similarly we obtain
(d(bb′) − d(b)b′ − bd(b′))N = 0,
whence it follows from (2) that d(bb′) = d(b)b′ + bd(b′) for all b, b′ ∈ B. In other words, d is a
derivation on B. It is now time to show that d is a derivation ofA. We will take two arbitrary elements
x, y ∈ A. According to conditions (i), (ii), (iii) and previous ascertainment that a linear map d is a
derivation on A and B, we can write
d(xy) = d((a + m + n + b)(a′ + m′ + n′ + b′))
= d(aa′ + am′ + mn′ + mb′ + na′ + nm′ + bn′ + bb′)
= d(a)a′ + ad(a′) + d(a)m′ + ad(m′) + d(m)n′ + md(n′) + d(m)b′ + md(b′)
+ d(n)a′ + nd(a′) + d(n)m′ + nd(m′) + d(b)n′ + bd(n′) + d(b)b′ + bd(b′)
= d(a + m + n + b)(a′ + m′ + n′ + b′) + (a + m + n + b)d(a′ + m′ + n′ + b′)
= d(x)y + xd(y).
Above calculations show that d is a derivation, which concludes the proof. 
3. Singular Jordan derivations
In this section we introduce the term singular Jordan derivation, which turns out to play an im-
portant role in the study of Jordan derivations on unital algebras having nontrivial idempotents. Let
A = eAe + eAf + fAe + fAf be a unital algebra with a nontrivial idempotent e. According to the
given decomposition of an algebraAwe specify that a Jordan derivation δ : A → A is a singular Jordan
derivation, if
δ(eAe) = 0, δ(eAf ) ⊆ fAe, δ(fAe) ⊆ eAf , δ(fAf ) = 0. (10)
The above conditions (10) can actually be written as δ(a) = δ(b) = 0, δ(m) = f δ(m)e and δ(n) =
eδ(n)f for all a ∈ A, b ∈ B, m ∈ M and n ∈ N, which somehow simplifies further calculations. Our
first observation is the following.
Remark 3.1. Nonzero singular Jordan derivations are not derivations.
Proof. Let us assume that δ is a nonzero singular Jordan derivation, which is also a derivation. Since
δ(e) = 0 we obtain
δ(m) = δ(em) = δ(e)m + eδ(m) = e(f δ(m)e) = 0 and
δ(n) = δ(ne) = δ(n)e + nδ(e) = (eδ(n)f )e = 0
for allm ∈ M, n ∈ N. The above relations together with δ(A) = δ(B) = 0 imply that δ = 0, which is
a contradiction. 
Wenowknow that nonzero singular Jordanderivations are proper Jordanderivations. The following
remark states the conditions, under which singular Jordan derivations are antiderivations (recall that
a linear map δ satisfying δ(xy) = δ(y)x + yδ(x) for all x, y ∈ A is called an antiderivation).
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Remark 3.2. A singular Jordan derivation δ is an antiderivation if and only if it satisfies the conditions
δ(eAf ) · eAf = {0} = eAf · δ(eAf ) and
δ(fAe) · fAe = {0} = fAe · δ(fAe).
Proof. Let δ : A → A be a singular Jordan derivation that is also an antiderivation. In this case we
can write
δ(mm′) = δ(m′)m + m′δ(m) for allm,m′ ∈ M.
Butm = emf andm′ = em′f , so the above relation gives
0 = (f δ(m′)e)emf + em′f (f δ(m)e). (11)
Right multiplication of the above relation by e (respectively f ) gives
em′f (f δ(m)e) = 0 and (f δ(m′)e)emf = 0. (12)
As m and m′ are arbitrary elements from M, the relations (12) imply that Mδ(M) = δ(M)M = 0,
which proves the first condition. In a similar way one can prove the second condition.
Conversely, suppose that a singular Jordan derivation δ : A → A satisfies the given conditions.
Sincemn ∈ A, nm ∈ B, we clearly have δ(mn) = 0, δ(nm) = 0 and also δ(n)m = nδ(m) = δ(m)n =
mδ(n) = 0 for all m ∈ M, n ∈ N. According to the assumption, we have δ(m′)m = m′δ(m) =
δ(n′)n = n′δ(n) = 0 for all m,m′ ∈ M and all n, n′ ∈ N. Next, since δ(a) = 0 = δ(b) and
δ(m) = f δ(m)e, δ(n) = eδ(n)f we obtain from Proposition 2.2, statements (i)–(iv), that
δ(am) = δ(m)a and δ(mb) = bδ(m), (13)
δ(na) = aδ(n) and δ(bn) = δ(n)b
for all a ∈ A,m ∈ M, n ∈ N, b ∈ B. Let x = a + m + n + b and y = a′ + m′ + n′ + b′ be arbitrary
elements of A. Considering all of the mentioned properties, we obtain
δ(xy) = δ((a + m + n + b)(a′ + m′ + n′ + b′))
= δ(aa′ + am′ + mn′ + mb′ + na′ + nm′ + bn′ + bb′)
= δ(am′) + δ(mb′) + δ(na′) + δ(bn′)
= δ(m′)a + b′δ(m) + a′δ(n) + δ(n′)b
and on the other hand we obtain
δ(y)x + yd(x) = δ(m′ + n′)(a + m + n + b) + (a′ + m′ + n′ + b′)δ(m + n)
= δ(m′)a + δ(n′)b + a′δ(n) + b′δ(m).
Therefore, δ(xy) = δ(y)x + yd(x) for all x, y ∈ A and so δ is an antiderivation. 
The previous remark implies that having an algebraAwith property fAe · eAf = {0} = eAf · fAe,
every singular Jordan derivation δ : A → A is an antiderivation. Let us give an example of such algebra
and a singular Jordan derivation that is an antiderivation.
Example 1. Let A be a commutative unital algebra over R and let
A =
⎧⎨
⎩
⎡
⎣a11 a12
a21 a22
⎤
⎦ aij ∈ A
⎫⎬
⎭ .
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We define the usual matrix addition and the usual scalar multiplication on A. Next, let us define the
product of two elements from A as
ab =
⎡
⎣a11 a12
a21 a22
⎤
⎦
⎡
⎣b11 b12
b21 b22
⎤
⎦ =
⎡
⎣ a11b11 a11b12 + a12b22
a21b11 + a22b21 a22b22
⎤
⎦ (14)
for all a, b ∈ A. In this case A is a unital algebra with nontrivial idempotent
e =
⎡
⎣1 0
0 0
⎤
⎦ .
We obviously have bimodules eAf and fAe determined as
eAf =
⎡
⎣0 A
0 0
⎤
⎦ and fAe =
⎡
⎣0 0
A 0
⎤
⎦ ,
whence it follows that fAe · eAf = {0} = eAf · fAe. Let δ : A → A be a linear map defined as
δ :
⎡
⎣a11 a12
a21 a22
⎤
⎦ →
⎡
⎣ 0 a21
a12 0
⎤
⎦ . (15)
Note that δ is a Jordanderivation. Clearlywehave δ(eAe+fAf ) = 0and δ(eAf ) = fAe, δ(fAe) = eAf .
Hence, δ is also an antiderivation.
The given example can be generalized. Let A be a unital algebra and M a unital A-bimodule with
properties [A, A]M = {0} = M [A, A] . In this case M is also A-bimodule, if we equip M with the
opposite modular product ·; a · m = ma and m · a = am for all a ∈ A, m ∈ M. We denote such
A-bimodule withMop. Let
A =
⎡
⎣ A M
Mop A
⎤
⎦
be an algebra under the usual addition and scalar multiplication and the product is defined similarly
as (14) (taking into consideration that we now have the opposite product · in Mop). Clearly a map
δ : A → A defined similarly as (15) is again a singular Jordan derivation.
In the next example we will construct a singular Jordan derivation on a unital algebra with a
nontrivial idempotent e such that fAe·eAf = {0} and eAf ·fAe = {0}. One caseof the constructionwill
lead to a singular Jordan derivation δ, which is also an antiderivation, whereas the second construction
will present a singular Jordan derivation δ, which is not an antiderivation. The motivation for such
an example comes from the article [11]. Therefore, it is clear that on unital algebras with nontrivial
idempotents there also exist singular Jordan derivations that are not antiderivations.
Example 2. Let A again be a commutative unital algebra over R and let I be a nonzero ideal of A. We
will be operating with an algebra
A =
⎡
⎣A I
A A
⎤
⎦ ,
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equipped with standard matrix operations. Then A is a unital algebra with nontrivial idempotent
e =
⎡
⎣1 0
0 0
⎤
⎦
and bimodules eAf and fAe are determined as
eAf =
⎡
⎣0 I
0 0
⎤
⎦ and fAe =
⎡
⎣0 0
A 0
⎤
⎦ ,
whence it follows that fAe · eAf = {0} = eAf · fAe. Let us define a linear mapping δ : A → A as
δ :
⎡
⎣a11 a12
a21 a22
⎤
⎦ →
⎡
⎣ 0 0
a12 0
⎤
⎦ .
One can verify with the straightforward calculations that
δ(a2) =
⎡
⎣ 0 0
a11a12 + a12a22 0
⎤
⎦ for all a ∈ A
and
δ(a)a + aδ(a) =
⎡
⎣ a
2
12 0
a11a12 + a12a22 a212
⎤
⎦ for all a ∈ A.
First we assume that I2 = 0. In this case δ : A → A is a singular Jordan derivation and it is easy to
verify that it is also an antiderivation. Let us now assume that I2 = 0 and x2 = 0 for all x ∈ I. In this
case δ : A → A is a singular Jordan derivation that is not an antiderivation. To show this, let us take
such fixed a12, b12 ∈ I, that a12b12 = 0. Let
a =
⎡
⎣0 a12
0 0
⎤
⎦ and b =
⎡
⎣0 b12
0 0
⎤
⎦ .
In this case ab = 0 and δ(ab) = 0. On the other hand we have
δ(b)a + bδ(a) =
⎡
⎣ 0 0
b12 0
⎤
⎦
⎡
⎣0 a12
0 0
⎤
⎦+
⎡
⎣0 b12
0 0
⎤
⎦
⎡
⎣ 0 0
a12 0
⎤
⎦ =
⎡
⎣a12b12 0
0 a12b12
⎤
⎦ = 0.
Hence, δ is not an antiderivation.
The following question arises. Why are singular Jordan derivations that are not antiderivation ac-
tually rare? Let δ be a singular Jordan derivation of A. Then for every m = emf ∈ M = eAf it
follows:
δ(m2) = δ(m)m + mδ(m)
0 = f δ(m)mf + emδ(m)e.
Right multiplication of the above relation by e (resp. f ) gives
δ(m)m = 0 and mδ(m) = 0 for allm ∈ M. (16)
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Analogously, we can obtain
δ(n)n = 0 and nδ(n) = 0 for all n ∈ N. (17)
Remark 3.2 now implies that every singular Jordan derivation that is not an antiderivation, satisfies
(16) and (17), but there exist for example such elementsm,m′ ∈ M that δ(m)m′ = 0 orm′δ(m) = 0.
The previous examples confirmed that there exist unital algebras with nontrivial idempotents,
which contain proper Jordan derivations. On the other hand there are no proper Jordan derivations of
triangular algebras, which are unital algebras with nontrivial idempotents (see [21]). But triangular
algebras have proper Jordan derivations that map into their bimodules. In [1] the first author proved
that there exist proper Jordan derivations mapping from triangular matrix algebra into its bimod-
ule. The approach from [1, Remark 2.4] enables the construction of antiderivations on nest algebras
and generalized triangular algebras to their bimodules. Let A be an algebra over R and letM be an
A-bimodule. Then
A=
⎡
⎣ A M
A
⎤
⎦ =
⎧⎨
⎩
⎡
⎣ a m
a
⎤
⎦ ; a ∈ A,m ∈ M
⎫⎬
⎭ (18)
is an algebra over R under the usualmatrix operations. It was observed already by Jacobson and Rickart
[13, Theorem 22] (see also [4, Section 6]) that the problem on Jordan derivations can often be reduced
to theoneon Jordanhomomorphismsbyusing algebra (18). Thementionedalgebras areof our interests
for constructionof singular Jordanderivations.Givena linearmapd : A → Mwedefine : A→ Aby
 :
⎡
⎣ a m
a
⎤
⎦ −→
⎡
⎣ 0 d(a)
0
⎤
⎦ (19)
for all a ∈ A, m ∈ M. It is not difficult to verify that d : A → M is a derivation (resp. an antideriva-
tion, a Jordan derivation) if and only if  : A → A is a derivation (resp. an antiderivation, a Jordan
derivation). Also note that whenA is a unital algebra with a nontrivial idempotent e andM is a unital
A-bimodule, then algebra A is a unital algebra with a nontrivial idempotent as well. To conclude, if
there is a proper Jordan derivation from algebra A to its bimoduleM, then the prescription (19) gives
a proper Jordan derivation on the unital algebra A. Let us take a closer look at the following example,
where the construction is based on the existence of the concrete antiderivation on algebra T2(R):
Example 3. Let A = T2(R) be the algebra of 2 × 2 upper triangular matrices over R. Let e11, e12, e22
denote the standard matrix units of algebra A. In this case every a ∈ A is of the form a = a11e11 +
a12e12 + a22e22, where aij ∈ R. We convert M = R into A-bimodule by defining aλ = a22λ and
λa = λa11 for all λ ∈ M, a ∈ A. A map δ : A → M defined as δ(a) = a12 is a proper antiderivation.
Let Abe the algebra (18). Then the map  : A→ A, defined as
 :
⎡
⎣ a λ
a
⎤
⎦ −→
⎡
⎣ 0 a12
0
⎤
⎦
for all λ ∈ M, a ∈ A, is an antiderivation. One can confirmwith the straightforward calculations that
 is a singular Jordan derivation, when operating with standard idempotents of an algebra A
e =
⎡
⎣ e11 0
e11
⎤
⎦ and f = 1 − e =
⎡
⎣ e22 0
e22
⎤
⎦ .
Let Id([A,A]) denote the ideal generated by all commutators of an algebra A. We will conclude
this chapter with the answer to the following natural question. Under which conditions are there
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no nonzero singular Jordan derivations of an algebra A with a nontrivial idempotent e? One of the
sufficient conditions is the following.
Proposition 3.3. LetA be a unital algebra with a nontrivial idempotent e. Suppose that Id([eAe, eAe]) =
eAe or Id([fAf , fAf ]) = fAf . In this case there are no nonzero singular Jordan derivations of A.
Proof. Let A = A + M + N + B be such an algebra that the ideal Id([A, A]) = A. The proof in case
Id([B, B]) = B goes in the similar way. Let δ : A → A be a nonzero singular Jordan derivation.
According to (13) we have
δ(am) = δ(m)a for all a ∈ A,m ∈ M.
Considering the above relation we obtain
δ((aa′)m) = δ(m)aa′ and
δ(a(a′m)) = δ(a′m)a = δ(m)a′a,
where a′ ∈ A. Comparing above relations gives
δ(m)[a, a′] = 0
for all a, a′ ∈ A,m ∈ M. Consequently,
0 = δ(a′′′m)[a, a′]a′′ = δ(m)a′′′[a, a′]a′′
for all a, a′, a′′, a′′′ ∈ A,m ∈ M. Thus
δ(m)A = δ(m) Id([A, A]) = 0
for each m ∈ M. Since A has a unitary element e, it now follows that δ(M) = 0. Similar calculations
also show that δ(N) = 0. Therefore δ = 0. 
4. The main theorem
Recall that A = eAe + eAf + fAe + fAf is a unital 2-torsionfree algebra over R with a nontrivial
idempotent e that satisfies:
exe · eAf = {0} = fAe · exe implies exe = 0, (20)
eAf · fxf = {0} = fxf · fAe implies fxf = 0
for all x ∈ A. What follows next is the main result of the article.
Theorem 4.1. Let A be a unital algebra with a nontrivial idempotent e satisfying (20). If  : A → A is a
Jordan derivation, then there exist a derivation d : A → A and a singular Jordan derivation δ : A → A
such that  = d + δ. Moreover, d and δ are uniquely determined.
Proof. LetA be a unital algebra with a nontrivial idempotent e, satisfying (20) and let  : A → A be
a Jordan derivation. According to Lemma 2.1 we may assume that (e) = 0 = (f ). The properties
of such Jordan derivation are described in Proposition 2.2. We define a mapping d : A → A in the
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following way:
d(a) = e(a)e = ed(a)e,
d(b) = f(b)f = fd(b)f ,
d(m) = e(m)f = ed(m)f ,
d(n) = f(n)e = fd(n)e
for all a ∈ A, b ∈ B, m ∈ M and n ∈ N. Let δ : A → A be defined as δ =  − d. From (7) (see
Proposition 2.2) it follows that
δ(a) = 0, δ(b) = 0,
δ(m) = f(m)e = f δ(m)e,
δ(n) = e(n)f = eδ(n)f
for all a ∈ A, b ∈ B, m ∈ M and n ∈ N. In order to show that d is a derivation, it suffices to prove
that assumptions (i),(ii) and (iii) of Lemma 2.3 are fulfilled. First, let us prove that (i) from Lemma 2.3
holds true. By Proposition 2.2, statements (i) and (iii), we have
(am) = (a)m + a(m) + (m)a and
(mb) = (m)b + m(b) + b(m)
for all a ∈ A, b ∈ B andm ∈ M. Note that the above identities can be rewritten as
e(am)f = e(a)em + ae(m)f + e(m)f (eae) and
e(mb)f = (e(m)f )b + m(f(b)f ) + fbf (e(m)f )
and so
d(am) = d(a)m + ad(m) and d(mb) = d(m)b + md(b) (21)
by the definition of d. Thus, (i) from Lemma 2.3 holds true. Next, let us prove that d also satisfies (ii)
from Lemma 2.3. By Proposition 2.2, statements (ii) and (iv), we have
(bn) = (b)n + b(n) + (n)b and
(na) = (n)a + n(a) + a(n)
for all a ∈ A, b ∈ B and n ∈ N. Similarly as above we obtain
f(bn)e = (f(b)f )n + b(f(n)e) + (f(n)e)fbf and
f(na)e = (f(n)e)a + n(e(a)e) + eae(f(n)e).
Hence we have
d(bn) = d(b)n + bd(n) and d(na) = d(n)a + nd(a) (22)
by the definition of d. Thus, (ii) from Lemma 2.3 holds true. Clearly, Proposition 2.2 (v) and (vi) imply
that d also satisfies assumption (iii) from Lemma 2.3. Thus, according to Lemma 2.3 d is a derivation.
Our next aim is to prove that δ is a singular Jordan derivation. Obviously, δ is a Jordan derivation,
since δ is the difference of a Jordan derivation and a derivation. Moreover, since δ(A) = δ(B) = 0,
δ(M) ⊆ N and δ(N) ⊆ N, we see that δ is a singular Jordan derivation.
In the last step of the proof it is our aim to show that d and δ are unique. Let us assume that
 = d1 + δ1 = d2 + δ2, where d1, d2 are derivations and δ1, δ2 are singular Jordan derivations. We
now have
d1 − d2 = δ2 − δ1 = h.
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Consequently, h is a derivation and also a singular Jordan derivation. Hence, Remark 3.1 implies that
h = 0, which leads to d1 = d2 and δ1 = δ2. The proof of the main theorem is now complete. 
Let A be a unital algebra with a nontrivial idempotent e such that eAf · fAe = {0} = fAe · eAf . In
this case every singular Jordan derivation of A is an antiderivation. If the bimodule eAf is faithful as a
left eAe-module and also as a right fAf -module, then A satisfies (20) and we obtain:
Corollary 4.2 [15, Theorem 3.11]. Let A be a unital algebra with a nontrivial idempotent e such that
eAf · fAe = {0} = fAe · eAf and a bimodule eAf is faithful as a left eAe-module and as a right fAf -
module. Then every Jordan derivation ofA can be expressed as the sumof a derivation and an antiderivation.
We conclude this article with some applications of the main theorem. In case A is a unital algebra
with a nontrivial idempotent e such that fAe = {0}, and that the bimodule eAf is faithful as a left eAe-
module and also as a right fAf -module, the algebraA is a triangular algebra. The triangular algebraA
satisfies (20) and by the definitionA has no nonzero singular Jordan derivations. Therefore, we obtain
the following well-known result [21]:
Corollary 4.3. Every Jordan derivation of a triangular algebra A is a derivation.
It is clear that there are no proper Jordan derivations of upper triangular matrix algebras Tn(R),
where R is a commutative unital ring. Similarly, there are also no proper Jordan derivations of block
upper triangular algebras Bn(R) over R (also in the case of Bn(R) = Mn(R) being a matrix algebra)
and of a nest algebra T (N ), whereN is a nest in the Hilbert space H (holds also in the case of a trivial
nest N = {0,H}, when T (N ) = B(H) is an algebra of all bounded linear operators on H). B(H) is a
unital prime algebra with nontrivial idempotents.
It is well-known that all Jordan derivations of matrix algebras and prime algebras are derivations
(see [12,13]).Using the results fromSection3, one couldprove that there arenononzero singular Jordan
derivations of the matrix algebraMn(R) over a commutative ring R. One can also obtain that there
are no nonzero singular Jordan derivations of a unital prime algebraAwith a nontrivial idempotent e.
Therefore, Theorem 4.1 implies the following corollaries:
Corollary 4.4. Every Jordan derivation of a matrix algebraMn(R), n  2, is a derivation.
Corollary 4.5. Every Jordan derivation of a unital prime algebra A with a nontrivial idempotent e is a
derivation.
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